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I ntroduction

Although very simple in structure, the mathematical model of awire antennais extremely
complicated. There are so many variablesthat it isbasically impossible to accurately
model. However, areasonable model can be derived that provides useful information
and understanding. That is essential for doing engineering. An imperfect model isfar
better than no model. We begin with the simplest possible moddl (that is always a good
starting point!). Then, we refine the model to include more advanced concepts. We keep
refining until we have accounted for all significant variables that provides useful
information.

A wire antenna consists of some length of wire at some height over the earth. Such a
structure will have some capacitance to the earth, some inductance, and some resistance.
The resistance term is more complicated than just the simple ohmic resistance of the wire
asit includes a series term known as radiation resistance. In very simple terms radiation
resistance accounts for aflow of energy between the antenna and free space involving
time-dependent el ectromagnetic fields not considered in asimple RLC circuit. Our initial
model is based on frequencies much less than that where the antennais one-quarter
wavelength resonant. For typical crystal radio applications thisis not abad model asit is
rare to have the luxury of enough space to construct an antenna approaching one-quarter
wavelength in the AM broadcast band.

Capacitance

We start with the capacitance of the antennato the earth. From the basic laws of physics,
a capacitance will exist between any two conductors separated by insulation. Here, we
are making the rather crude assumption that the earth is a good conductor. That turns out
not to be bad as we will see that the reactance of this capacitance at frequenciesin the
AM broadcast band is large compared to the actual resistance of the earth.

A brief but excellent derivation of the capacitance between acylinder (i.e. the antenna
wire) and aplaneis provided in Reference 1. The summary result is:

2*m* el
Capacitance per meter = ------------=-=-m-m-mmmmmmeoe- Eq. 1
In(2 * height / diameter)

where height and wire diameter are in meters and €0 is the permittivity of free space, 8.85
pF/meter. Note that this equation assumes that propagation time over the wirelength is
negligibly small. This equation also assumes that the earth is a perfect conductor.
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Although there is an error when considering the composite antenna, there is no error for
an incremental portion that satisfies the assumptions.

A guick example indicates that a 20 meter antenna of #14 wire (1.63 mm dia.) at a height
of 3 meters would have atotal capacitance of 135 pF at frequencies low enough so that
the propagation time over the length is negligibly small. That is not true for broadcast
band frequencies and the capacitance will be smaller as will be seen in the plots at the
end.

Inductance

On page 141 of Reference 1 the inductance of awire over aplaneis given as

po
inductance per meter = -------- * |n(2* height / diameter) Eq. 2
2*m

where height and wire diameter are in meters and p0 is the permeability of free space,
4** 1E-07 henries/meter. Equation 2 simplifiesto

inductance per meter = (0.2 uH) * In(2*height / diameter) Eqg. 3

A gquick example indicates that a 20 meter antenna of #14 wire (1.63 mm dia.) at a height
of 3 meters would have atotal inductance of 33 uH if propagation timeis negligibly
small. Note that Equation 2 assumes that the current is uniform over the length of the
wire and that propagation time is negligibly small. Thefirst part of the assumption can
not be true for our antenna as the far end is an open circuit. The equation also assumes
that the earth is a perfect conductor. Thetypical error for our use in antennas for crystal
radios falls into the category of not bad. We are not going to worry about it asthisisjust
a starting point and we are going to make refinements. Although there is an error when
considering the composite antenna, there is no error for an incremental portion that
satisfies the assumptions.

Resistance

The resistance of awire antennais the sum of the ohmic resistance including skin effect
and the radiation resistance. The resistance of #14 wire including skin effect at a
frequency of 1 MHz is around 0.05 ohms per meter. Thus a 20 meter antenna would
have atotal resistance of 1 ohm. This assumes that the current is uniform over the length
which can not really be true since the far end is an open circuit. However, thisis not
going to be an issue for us as the resistance of the ground will be significantly larger.

The ohmic resistance represents a power loss. Radiation resistance becomes a factor
when we consider the coupling of energy between the antenna and el ectromagnetic fields
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of free space. The concept is easy to understand in the case of atransmitter which
delivers power to the antenna (perhaps significant power in the case of a50 kW
transmitter!) but with efficient design the heating of the antennais very small —i.e. the
power isradiated as an el ectromagnetic wave instead of being converted to heat - i.e.
power is coupled to free space. The transmitter delivers the power to the antenna as some
voltage and some in-phase current. Thus, the antenna appears to have aresistance. That
resistance is known as the radiation resistance. Unlike ohmic resistance, it does not
represent a power loss — it represents a power coupling to free space instead. Thereisno
magic or optimum value for antennaimpedance. However, values between single digit
ohms and several hundred ohms are the easiest to interface to and so are preferred.

It is not as easy to visualize radiation resistance when the antennais used for reception.
However, the concept of reciprocity applies. Thus, however an antenna appears in the
transmitting case, it appearsidentically in the receiving case. The calculation of radiation
resistance is very complicated at the easiest. At this point in our model development we
have no way to determine what the radiation resistance of our antenna might be.
However, the incremental capacitance and inductance are essential for the next level
model.

A finite propagation time model

This model is based on well-devel oped transmission line theory and treats the wire
antenna as alossy unterminated transmission line where the loss is el ectromagnetic
radiation instead of heat. This model builds on the previous equations for capacitance
and inductance and gives us arealistic picture of what goes on. In general, because there
arealot of variables that we are unable to quantify the accuracy of this model is not
great. However, the model can be tweaked to provide a good fit to a specific scenario.
That iswhat makes the model useful. Itisgreat at providing us genera information for
understanding. Understanding what is going on can be more valuable than knowing
specific data accurately.

The impedance looking into atransmission lineis

(Z1/Zo) + tanh(a + j0)
L =70% e Eq 4
1+ (Z1/Zo) * tanh(aw +j0)

where:

Z isinohmsand isin general complex

Z, isthe characteristic impedance of the line — often taken as real but could be complex
Zt isthe termination impedance at the end of the line and could be complex

a istheloss over the length of the line

0 isthe phase angle on the line and is equal to 2*r* length/wavelength

| isthe squareroot of -1
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The form of the equation | have chosen to use includes length in the o and 6 terms as a

matter of convenience. Other forms of the equation have the length as a multiplier on the
inside of the tanh term.

If the terminating impedance is an open circuit asit will be for our wire antenna then we
can write Equation 4 simply as

Z =7/ [tanh(a + j6)] Eqg. 5
For reference:
g —e*
tanh(x) = ----------- Eqg. 6
g+ e”

The Euler relations are:
g” = cos(0) + j*sin(0) Eq. 7
e’ = cos(0) — j*sin(6) Eq. 8

Theserelations let us write Equation 5 as

e(x+j9 + e—a-j9
Z=270% --mmmmmmmmmeeeen
ea+j9 e—a-j9

& * [cos(0) + j*sin(6)] — € * [cos() — *sin(6)]
(€" + €%)*cos(0) + j*(e” — €%)*sin(0)

S Eq. 9
(€" — €% *cos(0) — j* (" + €)*sin(0)

Although Equation 9 looks complicated it really consists of just three components and it
is simple to substitute values and reduce it to asimple real plusimaginary result.

For reference;
A +jB A+jB C-jD AC+BD BC- AD
e D e X e = e + jrmmmmmmmen Eg. 10

Equation 10 gives us a basic method to evaluate the division of complex numbers.
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When the series and shunt |osses are low the characteristic impedance of atransmission
lineis

Zo = sgrt(inductance per unit length / capacitance per unit length) Eqg. 11

We substitute Equations 1 and 2 into Equation 11 to obtain

[ uo ]
[ -=mmnnm- * |n(2* height / diameter)]
[ 2*mn ]
ZO = sqrt [ --------------------------- ] Eq 12
[ 2*1*g0 ]

[ In(2*height / diameter) |
which simplifiesto
Zo=60.0* In(2*height / diameter) Eqg. 13
Thus, we make use of our previous work on the simple model.
The free-space wavelength in meters for a given frequency in MHz is
A =300/ Fmuz Eq 14
The propagation velocity on wire antennas is about 95 percent of free space so we use
A =285/ Fyu; Eq. 15
0 = 2*1* Fyn~length / 285 Eq. 16
So far this has not been too complicated. Now, we delve into the challenge of
determining the remaining constant, a. Thisfactor, which isafunction of frequency, will
determine the antenna impedance characteristics. Thereis no way to calculate this factor.
Instead, we will use available information to fit an approximate equation to it.
We begin by noting that the free space impedance of a half-wave dipole antennais 73
ohms. Our wire antennais only half of a dipole so the free space impedance will be
nominally 37 ohms (rounded half of 73) at afrequency where the wire length isan
electrical one-quarter wavelength.
However, our antennais very close to the ground so the result must be modified.

Reference 2 shows atheoretical plot of the impedance of a half-wave dipole over a
perfectly conducting plane as afunction of height. Thisplot isreproduced below.
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Figure 1: Theoretical impedance of half-wave dipole over perfect ground plane

Reference 2 describes that the impedance of a half-wave dipole over aredlistic ground is
very little affected by height over about one-half wavelength and the impedance soon
attains the 73 ohm free space value.

We will use asimplified exponential to provide us with an approximate impedance of our
antenna at the one-quarter wave resonant frequency. Wefirst need arelation that
converts the physical height of our antennato height in wavelengths at the quarter-wave
resonant frequency. Thisis provided by the following relation.

h/A = height / wavelength = height * Fyp,/ 300 Eqg. 17
R=37* (1-e*¥" Eq. 18

The k1 valueis chosen to be 7 because that provides the best least squaresfit over the
first 0.2 wavelengths of height. We can write this as

Equation 19 provides us with atarget to set the appropriate value for a.

At the frequency where the line length is one-quarter wave resonant, the cosine term in
Equation 9 goes to zero and the sine term goesto one. This produces areal result with
the imaginary part zero. It should be noted for this case that:

A=0

B=¢"-¢€"

C=0
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D=2

Using Equation 10 the above results in aresistance of

R=2Zy* (e"-€%) /2 =Zy* sinh(a) Eq. 20
We invert Equation 20 to obtain the required value for afor agiven value of R asfollows
o = sinh™{(R/Zo) = In[(R/Zo) + sqrt[(R/Zo)* + 1)]] Eq. 21

Before continuing, let us review where we are at. We know Z, from the height and
diameter of the antennawire. We know atarget resistance, R, for the antenna impedance
at the one-quarter wave resonant frequency based on the height. Equation 21 lets us
calculate o for that frequency. We need to expand this so that we can calculate the
appropriate o for any frequency.

We make use of the following general knowledge about wire antennas to complete our
model. At frequencies well below the one-quarter wave resonance the resistive
component of the antennaimpedance is practically zero. At frequencies where the
antennais many quarter wavelengths long the resistive component of the antenna
impedance convergesto Z,. This suggests that we have a basic scale factor on o and a
multiplier based on the number of quarter wavelengths are on theline. Thisleadsusto

a=kO* Zg* 37 * (1— g0 hedt "MKz« / Fg) Eq. 22

where:

kO is a constant to achieve the target quarter-wave resonant impedance

Z, is the characteristic impedance of the antenna

height isin meters

F isthe frequency in MHz

Fq = (71.25/ length) and is the frequency in MHz where the antennais one-quarter wave
resonant

The only unknown in Equation 22 is k0. We calculate kO when Fisequal to Fg. The
procedureis asfollows:

First we set Fyu, = Fg from the above relation

Zy=60.0* In(2*height / diameter) (Eg. 13)
o = sinh™{(R/Zo) = In[(R/Zo) + sqrt[(R/Zo)* + 1)]] (Eq. 21)
kO=0a/(Zo* R) Eq. 23
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Studies done with this equation indicated very good results as long as the frequency was
greater than the quarter-wave resonance. For lower frequencies this model gave very
poor results — indicating significantly higher impedance than reality and even a negative
slopein some cases. A modifier to the model was needed to highly attenuate o for low
frequencies only. Thefactor, (1 — 1/(1 + 0.14* (F/Fg)*+ 1.0* (F/Fq)® + 0.79* (F/Fq)” +
50* (F/Fg)**), was determined to significantly improve results. The factors were derived
from aleast squaresfit to an alternative equation for short dipoles provided by reference
3 — shown below modified for only half adipole.

R = 40* 1°*(L/A)? Eq. 24

where L is the antenna length and A is the wavelength, both in meters. This equation iS
reported to give good results up to about 0.2 wavelengths. A plot showing the fitted
model to Equation 24 is shown below. Note that the model has an excellent fit to the
theoretical “correct” model for wavelengths shorter than 0.2. The “correct” model under
predicts the resistance for longer wavelengths and the effect of the 24™ power term comes
into play to bring the resistance close to the theoretical 37 ohms at 0.25 wavelengths.
Thisis not exactly what goes on but is asimple to work with fit.

Short Antenna Radiation Resistance
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Figure 2: Mode fit to short antenna radiation resistance
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The complete equation for o is (using n = F/Fq) is shown below.

1
a = kO* Z0o* 37* (1 . e—0.02333*height*F * * (1 e )
1+ 0.14*n® + 1.0*n® + 0.79*n* + 50*n**

Eq. 25

To calculate the approximate impedance of the antenna for any frequency we first
compute the o factor for the frequency using Equation 25. Then we compute the positive
and negative exponentials using a.. Next, we compute theta using Equation 16 and then
the cosine and sine terms. We substitute these values into Equation 9 and use Equation
10to solve. Thisisbest donein a spread sheet for arange of frequencies and the results
plotted. A wide range plot showing multiple quarter-wave resonances for awire antenna
isshown in Figure 3.
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Figure 3: 2 MHz resonate antenna 5 meter s off ground

The computed impedance at 2 MHz of thisantennais 7.5 ohms. The impedance at the
third harmonic (6 MHz) is 55 ohms — for both resonant frequencies the reactive part is
zero. It should be observed that the impedance is at a minimum and purely resistive at
odd harmonics of the quarter-wave resonance. The impedanceisvery high at even
harmonics. Thisfigure should be viewed asillustrative rather than accurate. Although
the pattern of impedance variations is true, the magnitude could vary considerably
depending on actua ground conditions and the proximity of other structures. Itistrue
that the impedance variations become smoother as the number of quarter-waves



obtained by the appropriate exponent on the n term that immediately follows the
exponential in Eq. 25 — but some kind of short power series might be required instead.
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increases. Only aminimal attempt has been made to correctly model that for this model
asthe primary interest isin the sub quarter-wave region. More work will be done on the
high frequency region at alater date. It isexpected that the required effect can be

Example Antennas

The following plots show the typical impedance for several wire antennas. In each case
#14 AWG wire was used and the solid line is the radiation resistance and the dotted line
isthereactance. In all casestheradiation resistanceisvery low. The key feature isthe

capacitive reactance of the antenna
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Figure 4: Antenna length = 10 m, height = 3 m
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Thisis about as short as an antenna can be and still be practical. This antenna appears as

73 pF.
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Antenna Impedance
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Figure 5: Antenna length = 20 m, height = 3 m
This antenna appears as 145 pF at low frequencies and 184 pF at high frequencies. The

change in capacitance with frequency is because the reactance of the series inductance
cancels part of the capacitive reactance.
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Figure 6: Antenna length = 30 m, height = 3 m

This antenna appears as 220 pF at low frequencies and 375 pF at high frequencies.
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Figure 7: Antenna length = 40 m, height = 5m
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This antenna appears as 290 pF at low frequencies and is almost resonant at 1.7 MHz.
Thisis about as long as an antenna needs to be for excellent reception. Note aso that the

antennais higher. Theincreasein radiation resistance at higher frequenciesis an

indication that quarter wave resonance is being approached.
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